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Abstract 

Surface-charge algebra associated with BMS4 symmetry on the nnll infinity of 
asymptotically flat spacetime is studied via the Hamiltonian framework. A coordi¬ 
nate system, where boundaries of constant-time hypersurfaces cross the null infinity, 
is adopted. The equation itself which determines the variation of the surface charges 
turns out the same as that previously obtained via the covariant framework by Bar- 
nich and Troessaert, and is non-integrable for general radiation field Cab- However, 
if Cab is independent of retarded time u, the variation equation is integrable and the 
conserved surface charges generate BMS4 algebra without central extension. 
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1 Introduction 


Minkowski spacetime has Poincare group as an isometry. When the geometry fluctuates, 
then there is, in general, no exact isometry. It turns out, however, that when the metric 
tensor satisfies a certain appropriate asymptotic conditions, spacetime has an asymptotic 
symmetry. At spatial infinity, there is asymptotic Poincare symmetry. At null infinity the 
asymptotic symmetry is enhanced, and ordinary global translations are extended to local 
translation (supertranslation) in the retarded time u. The resulting asymptotic symmetry 
group, which is composed of supertranslation and Lorentz group, is called BMS 4 group. mm 

In general relativity, conserved quantities such as Hamiltonian and angular momentum 
are represented as surface charges. mm Energy and angular momentum of asymptotically 
flat spacetime at spatial infinity were represented as surface integrals.]^ In 3 dimensional 
asymptotically anti-de Sitter spacetime, there is asymptotic infinite-dimensional conformal 
symmetry at the infinite boundary, and there exist associated surface charges at the bound¬ 
ary. The Dirac bracket algebra of these charges (direct sum of two Virasoro algebras) was 
derived in the Hamiltonian framework. [3] 

On the null infinity of asymptotically flat spacetime, energy, momentum and angular mo¬ 
mentum are not conserved due to non-vanishing fluxes via gravitational radiation. Difficulty 
was recognized in defining surface charges associated with these non-conserved quantities on 
the null infinity. [9] It was argued that Hamiltonian framework is not applicable for defining 
surface charges corresponding to non-conserved quantities at null infinity, and that extra 
terms must be added to the variation equation for surface charges. By using covariant 
framework, such an extra term was proposed in [9]. It was, however, not addressed in [9] 
whether the surface charges correctly generate the Dirac bracket algebra of BMS 4 symmetry. 

In [TU] Barnich and Troessaert carried out calculation of the Dirac bracket algebra of 
the extended BMS 4 by using covariant Lagrangian framework [13]. The extended BMS 4 
group contains an infinite dimensional extension of the Lorentz group (superrotation), which 
may have singularities on the at null infinity. [T^|1 5j[l7j [T5] In [TU] it was shown that 
the variation equation for the surface charges Q is not integrable, and the Dirac bracket 
algebra of extended BMS 4 [T 0 ] at the null infinity was proposed by defining the algebra of 
the ‘integrable part’ of the surface charges by modifying the non-integrable variation ^Q. 
An interesting proposal on algebra was made and it was shown that there appear central 
extensions which depend on the gravitational radiation field Cab on the null infinity. This 
proposal has not been justified. 

In the analysis via the covariant framework, however, the variation equation for the 
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surface charges is still not integrable with the above modification of and the following 
questions arise. Is it possible to obtain the surface charges and their algebra in the Hamilto¬ 
nian framework? Is the variation equation also non-integrable? The purpose of this paper is 
to show that the algebra of BMS 4 group at null infinity can be also studied via Hamiltonian 
framework, and to reconsider the algebra of surface charges. For this purpose we adopt a 
coordinate system, where boundaries of constant-time hypersurfaces cross the null infinity. 
The surface charges are obtained as the boundary terms which must be added to the Hamil¬ 
tonian in order to make the calculation of the Poisson bracket of Hamiltonians well-defined, 
even if partial integrations are required [3] [1]. The variation of the surface charge, dQ, is 
uniquely determined and this defines the Dirac bracket algebra of the surface charges as 

where is a central extension. 

In this paper, the constraint equation which determines the variation of the surface 
charges dQ is obtained and found to be the same as the result m in the covariant framework. 
This shows equivalence of the two frameworks for the present problem. It is confirmed that 
if a gravitational radiation field Cab depends on the retarded time u, surface charges are 
not conserved and the equation for SQ is not integrable. While it is possible to add an 
appropriate additional term, i.e., (15.321) to the variation equation to cancel the non-integrable 
piece, it is not possible to make the charges generate appropriate symmetry algebra. If Cab 
does not depend on u, however, the variation equation becomes integrable. In this case 
the charges are conserved and generate symmetry algebra. Due to compatibility of the 
transformation rule of Cab and the condition BuCab = 0 , symmetry algebra is restricted 
to global BMS 4 and there is no central extension. On the other hand, if OuCab ^ 0 and 
hence charges are not conserved, appropriate charges which generate BMS 4 algebra are not 
found. Conclusion in this paper is different from that in m- 

We conclude this introduction with an outline of this paper. In sec.2 a coordinate system 
defined by foliation of spacelike hypersurfaces which are asymptotically Euclidean Anti-de 
Sitter |12j is introduced. Each hypersurface has an infinite boundary on the null infinity. In 
sec.3 Bondi frame metric without fixing the gauge of the metric component gut is presented. 
The gauge of this component will not be hxed in this paper because except for gauge gut = 
{l/16r‘^)CABC"^^ + 0{r~^) its fixing generally breaks BMS 4 group. In sec.4 asymptotically 
flat metric in the coordinate system of sec.2 is obtained by a coordinate transformation. In 
sec.5 surface charge algebra and surface charges are obtained via Hamiltonian framework. It 
is shown that surface charges exist only for Cab independent of u. Sec .6 is left for summary. 
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2 Asymptotically flat space via foliation of EAdS (and 
dS) hypersurfaces 

4d Minkowski space has two types of infinity. One is a spatial infinity (spi). In standard 
coordinates = —dt^ + dr'^ + + sin^ 6d(j)^) this is defined by a limit r —>■ oo 

with hxed time t. The other is a null infinity X In coordinates, 

dsQ = g^ii, dx^ dx'' = —du^ — 2du dr + {d9^ + sin^ 9 dcf^), (2.1) 

where u = t — r is a retarded time, it is defined by an unphysical metric obtained by a 
conformal rescaling with O = r“^. 

dso = 9 / 11 / dx^ dx'^ = dsg = —0^ du^ + 2du dSl + (dd^ + sin^ 9 dcjP') (2.2) 

This metric g^i, is regular and non-degenerate at infinity 0 = 0, and defines 

differential and topological structures of X. 0 

Asymptotically flat spacetimes are defined in a similar way, and their unphysical metrics 
g^^ are well defined and conformally flat at X. These spacetimes are also characterized by an 
infinite-dimensional symmetry group. mm While Minkowski space has Poincare symmetry 
as an isometry, curved spacetimes in general do not have isometries. However, asymp¬ 
totically flat spacetimes have asymptotic symmetry group, BMS 4 group, at X. Penrose 
interpreted this group as conformal isometries of X. [ 8 ] BMS 4 group is a direct product of a 
supertranslation group and a Lorentz group. 

Locally, Minkowski space can be represented as foliations of Euclidean Anti-de Sitter 
spaces (EAdS) and de Sitter spaces (dS). [12] These foliations are defined (in the case of 
EAdS) by 

dsl = -dX^ + dX^ + dXi + dXi, 

i-T^ = -X^ + Xi + Xi + Xi). (2.3) 

With a parametrization 


^0 

= T coshp. 



= T sinh p sin 9 cos (j), 


X 2 

= T sinh p sin 9 sin (j), 


^3 

= T sinhp COS0, 

(2.4) 


^This is a future null infinity, There also exists a past null infinity, X~, defined with an advanced 
time V = t r. In this paper we will concentrate on and denote it as X, since an extension to X~ is 
straightforward. 
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we obtain the metric inside the future (r > 0) and the past (r < 0) regions of the lightcone 
put at some vertex (origin). 


ds\ = — {dp^ + sinh^ p {d6^ + sinOdcj)^)) 


(2.5) 


A hypersurface E,- with constant r is EAdS in global coordinates. 

In the spacelike region outside the lightcone put at the origin we have a metric 


dsg = da^ — cr^ d\^ + cosh^ A {dO^ + sin^ 0 dcji^). 


( 2 . 6 ) 


This metric corresponds to a foliation in terms of dS hypersurfaces —Aq+A g+A|+A| = 
in global coordinates. The whole Minkowski spacetime is obtained by patching up these local 
coordinates constructed as foliations of EAdSg and dSg. It is expected that (at least) some 
class of asymptotically flat spaces can also be obtained by foliations. In this paper this kind 
of asymptotically flat space is studied. 

In coordinates {u,r,9,(p'\, null infinity I'*' is reached by taking limit r —>■ +oo with 
u = t — r fixed. The retarded time u ranges over —oo < u < oo. In coordinates {r, p, 6, i^}, 
however, is defined by p —> oo with u = r fixed. In the forward lightcone time 
T is positive, and only half it > 0 of is covered. Hence it = 0 is a horizon in the 
local coordinates. The advantage of the coordinates (1^ over (lO) is that constant-time 
hypersurfaces E,- cross at infinite boundary (p —>■ -|-oo) with X. Hence the Hamiltonian 
framework can be used to study asymptotic symmetry algebra at X. 


3 Symmetry of asymptotically-flat space in Bondi frame 



Asymptotically flat spacetime in Bondi frame pjd has the following line element repre¬ 
sented in the form of 1/r expansions. 



(3.1) 

(3.2) 


Here A, H = z, z and = z, = z are complex coordinates for round S^. It has standard 
metric, hzg = 2/(1-I-zz)^, h^z = hzz — 0. Fields m, /3, Ua, Wa, Cab, Hab are functions of 
It, z and z. Cab is traceless {Czz = 0). These functions are determined by solving Einstein 

^The coordinate 113.Ill with p = —(1/1&)C^^Cab is called Bondi frame in the literature. Instead, 
hereafter we will call (I3.1II with any /3 Bondi frame. 
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equation (i?^^ - \g^vR = 0). 

Ua = -\d^Cba, (3.3) 

m = -^C^^CAB-\dl(^H^A-lc^^CAB)-lDAU^, (3.4) 

f3 = -]h^a + ^C^^Cab, (3.5) 

4 16 

Iwa = -DAm+^DAP-\D^HBA + \DAH^ C-\dbD^Ua 

+ i DbDaU^ + ^duiCABU^) - \ C^^DaCbc 

-\c^^DaCbc + \d^ {CbcC^ a), (3.6) 

H,, = H,, = H,,iz). (3.7) 


Here dot means a derivative with respect to u. Indices H, B... are raised and lowered by 
means of Hab and its inverse . Da is a covariant derivative with respect to hAB, and 
non-zero Christoffel symbols are given by = —2 z (1 + zz)~^ and r|j = —2z (1 -I- zz)~^. 
There is also a rt-flow equation for mi, which is not presented here. 

Function /3 is gauge-fixed in several ways in the literature^ For instance, a gauge /3 = 0 
is chosen in the null tetrad formalism [11]. Another gauge /3 = —(1/16) CabC^^ is chosen 
in [T] so that i/dety^s = r'^ y/deihAB- It can be shown that gauge condition such as 

/3 = AC^^Cab, (3.8) 

where A is a constant, cannot be preserved under BMS 4 group except for a value A = —1/16. 
That is, gauge fixing (13.81) generally breaks BMS 4 group. This will be shown at the end of 
this section. For this reason /3 will not be fixed in this paper. The eqs of motion (I3.3|) - (I3.7I) 
for gauge jd = —^ CabC^^ are obtained in [I][2][15]. 

Asymptotically flat spacetime has BMS 4 group as asymptotic symmetry. This is com¬ 
posed of a group of (i) supertranslation and that of (ii) superrotation. Supertranslation (i) 
is a group of local translation in retarded time u. The corresponding asymptotic Killing 
vector is given by Hilo] 


5u 

= e = f, 

(3.9) 

Sr 

= e = D^DJ + - {U^ Da/ - 7 DaDbJ) + • • • , 

r 4 

(3.10) 

Sz 

= = + , 
r 2r^ 

1 - 1 - 

(3.11) 

5z 

r 2r^ 

(3.12) 


^Our /3 is different from that in 
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Here / = f{z,z) is a scalar function on a sphere. Subleading terms (• • •) are suppressed 
here. 

Superrotation (ii) corresponds to extension of Lorentz transformation in Minkowski space 
and has an asymptotic Killing vector, [5] 

Su = C = luD,C, (3.13) 

= C = -lir + u)D,C + ^{u^DlC-U,C-\c^^Dlc)+---, (3.14) 
= C + + , (3.15) 

= e = -^ Dl r - ^ h,-. + . (3.16) 

Here = C^{z) is a polynomial of z up to quadratic order. There is also a similar transforma¬ 
tion with a parameter function = C^{z). For = 1, i, z, zz, z^, both transformations 
generate SL{2, C) group. It is argued that the transformation functions C^{z) and C{z) may 
be generalized to arbitrary (anti-) holomorphic functions, albeit singularities on 5^. [15][18] 
Then one obtains a direct product of two Virasoro groups. In this paper we will consider 
this extended symmetry group, and call it simply BMS 4 group. Starting from (13.21) . these 
transformations preserve the following asymptotic flatness condition. 


Quu 

^ -l + 0(r-i). 

(3.17) 

Qur 

^ -l + 0(r-2). 

(3.18) 

9AB 

^ r^hAB+OA), 

(3.19) 

9uA 

- o{i), 

(3.20) 

9rA 

= 0 , 

(3.21) 

9Tr 

= 0 

(3.22) 


The function /3 is the subleading term of (13.181) : gur = — 1 — ^ + • • •. Under BMS 4 
group, Qur transforms as + '^r^u- This gives a transformation rule of j3. In 

the case of supertranslation, 

5fP = fduP+\c^^DADBf. (3.23) 

For superrotation, we have 

5^f3 = Cd,P + D,C 13 +I D,C C- (3.24) 

Only for A = — the gauge fixing condition (13. 8p is compatible with p.23l) and (13.241) and 
the transformation rules of Cab-, with are also derived via a definition g^z = rCzz + 0{r^) 
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and 6gzz = 2Wz 


SjCab = fduCAB-2DADBf + hABDcD^f, (3.25) 

6c Cz. = CDzCz, + 2DzCCz. + ^DzC{udu-l)Cz^-uDlC. (3-26) 

6c Cz, = CDzCzz + ^DzCiudu-l)Czz. (3.27) 

Otherwise, gauge fixing (13.81) with A —1/16 cannot be used so that /3 must be left unfixed. 

4 Asymptotic symmetry in new coordinate system 

An asymptotically flat spacetime, which is described by coordinates {r, p, z, z} which are 
deformation of local coordinates ( 1 ^ of Minkowski space, also has asymptotic symmetry. 
A coordinate transformation which connects the two metrics in both coordinates {r, u, z, z} 
and {t, p, z,z} is given by 


re 

(4.1) 

T sinh p. 

(4.2) 


The line element in coordinates {t,p,z,z} is obtained by substituting (I4.1I) - (I4.2I) into (13.21) . 
We will use a line element obtained from (13.21) by this transformation, instead of solving 
Einstein equation from scratch. Whether this new line element has BMS 4 symmetry or not 
must be checked once again independently, since the coordinate transformation changes the 
orders of terms in the variation of the line element, and does not enssure it. This will be 
discussed soon. 

Half of future null infinity I'*" {u > 0) is reached in the limit r —>■ +00 with u fixed. This 
requires a fine-tuned limit in the (r, p) coordinates. 

T, p —>•-1-00, T = fixed (= u) (4.3) 

In this way the line element p.2p will be rearranged into 1/r ~ expansions, where 
coefficients are functions of u. 

Line element in this frame obtained by the above coordinate transformation is given by 

ds^ = Gizu dx^dx'', (4.4) 
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where fj,,v = t, p, z, z and 


G 


TT 


G 


rp 


GrA 


GpA 


Gpp 

Gab 


-1 + 


4m 

T 1 — e~‘^P 
4m 


4/3 e 


-2p 


1 - e- 2 p 

-e-^ [Ua + 


e-^P- 


^2 1 _ g-2p 

4/3e-4p 


r(l - e-2p)2 
2e-P 


re P [Ua ■ 


T (1 — e“ 2 p) 

2 e-'’ 


r (1 — e“2p) 




4mr 

1 — e“ 2 p 


= -3p , 


4/3e 


-2p 


(l-e- 2 p): 


:(l + e-20 + . 


1 


-r^e^^(l-e ^PfhAB + ^TeP{l-e ‘^p)Gab + Hab + 


(4.5) 

(4.6) 

(4.7) 

(4.8) 

(4.9) 
(4.10) 


Fields, Gab, Ua, Wa, /3 and m, have coordinate dependence like Cab{t e~P, z, z). Since the 
above metric (I4.5I) - (I4.10I) is obtained from Bondi-frame metric by coordinate transformation, 
it also satisfies Einstein equation. If n = re“^(> 0) is kept fixed near large-p region, the 
above metric takes the form of Ije^P expansion. Coefficient functions in the expansion of 
the metric tensor contain terms with negative powers of u. Later, we will use this Ije^P 
expansion to derive a variation formula of surface charges 5 Q at p —> oo. It is checked that 
when 0) is kept finite, terms which diverge as p —>■ oo cancel out. Since u~^ = e^, 

this means that negative powers of u do not appear in 6Q. On the other hand, terms 
proportional to rt = Te~P and = T^e~'^P may be created, by keeping terms which are 
higher orders in e~P. 

Under supertranslation, r and p change as 


St = /coshp-l-e PD^Dzf + 0{T "^p), (4-11) 

5p = -fT-^smhp + T-^e-PD^D,f+ 0{T-'^e-'^P). (4.12) 


Since St is large for finite r and extremely large p, supertranslation is not a symmetry at X 
for finite r. However, when r is taken to infinity at the same time, it becomes an asymptotic 
isometry. The line element for Minkowski space in the new frame (12.5p changes as follows. 

S {ds\) = —2r sinhpU^/dz^ -|- 2 e~P{Dzf + DlD^f) dz (r dp — dT) + c.c (4-13) 

In the case of Bondi frame there is only a single term, —2rD^fdz'^, corresponding to the 
first term on the right above. Here an extra term (the second term) appears. These changes 
can be compensated by the changes of Gab and Ua- The above change (14.131) vanishes for 
the four global translations / = 1, z/(l -|- zz), 2/(1 -I- zz), (1 — zz)/{l -I- zz), as it should. 
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Under superrotation, transformations of t and p are simply, 


(4.14) 

(4.15) 


5t = 0{e-^P), 

Sp = -^DAC^ + 0{T-^e-^P). 

Hence superrotation is an asymptotic symmetry also in this frame. In this case the change 
of the line element is 

5 {ds 2 ) = —sinh p dz^ + c.c. (4-16) 

5 Surface charge algebra of BMS 4 

The surface charges (generators) of BMS 4 group in four dimensions and their algebra 
have previously been studied via covariant approach in mm- In this section, this task will 
be carried out by using the Hamiltonian framework[5] [1] [IB] . This is based on Hamiltonian 
(ADM) formulation of gravity [5]. We choose t as a time variable and a foliation of the 
spacetime with r > 0 into constant-time space-like slices E,-- has a time-like normal 
vector -I- 0{e~‘^P). Each slice E,- is a 3D Euclidean Anti-de Sitter space (EAdSa) 

and has boundary at p = -|-oo. p = 0 is the center of this space. When taking the asymptotic 
limit p —>■ -boo, we need to introduce a large cutoff p = poo in order to regularize divergences, 
and we obtain a cylinder with a radius poo and a height in the direction of increasing r. The 
time-like boundary at p = poo will be denoted as Ep^. 

In order to reach a point with positive value of u on , r must also be increased according 
to (14.3|) . as the cutoff is removed, Poo —>■ + 00 . In this case one is forced to approach 1+ 
along a null geodesic u = const]^ This, however, does not imply that canonical formalism 
on a null hypersurface is considered. Canonical commutation relations are imposed on a 
spacelike hypersurface Et, and r, p —^ 00 limit will be taken afterwords. 

5.1 Hamiltonian 

In ADM decomposition[5], the spacetime metric is arranged into the form 

ds^ = dx^ dx'' = — NaN°') dr^ -b jab dx°‘ dx^ -b 2Na dx°‘ dr, (5.1) 

'^If we do not shift to hypersurfaces Er with increasing r appropriately, then we will end up with the 
point It = 0 of X'^. 
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where a runs over p, z, z, and = 7 “*” Nt with 7 “** being the inverse of jab = Gab- In the 
case of the present solution, the lapse and shift functions N, Na depend on the fields. 


= 

-4me-^P - {Ame-^P + —+ ''' , 
r 

(5.2) 

Na = 

-c-pUa - -WA{e-^P + e-^P) + • • • , 

T 

(5.3) 

N = 

T 

(5.4) 


Action integral S is given by 


The momentum conjugate to jab is given by 

= (5.6) 

where K°-^ is extrinsic curvature of E,-: Kab = {l/2N){drjab — A^a|b “ ^b\a)- Symbol ‘|a’ 
stands for a covariant derivative with respect to jab- On a spacelike surface E,-, canonical 
commutation relations are imposed on jab and 11“*’. The Hamiltonian is given by 


H[N, Af“] 


dpdrz 


IGttGj-^/^ N {n'^^Uab 


l^-r- 


dp(fzy/j2Na 




I 

IGttC? 




(5.7) 


is the Ricci scalar constructed from jab, and H = 7 a&n“*'. 

The generator of the asymptotic symmetry is obtained by replacing N and N°' in 
H[N, Af“], by r and t as 


N = 


where = (C^,C“) are equal to {St, 6p, 6z, Sz) in (I3.11I) - (I3.12L (13.151) - (13.161) and (14.111) - 
(14.151) which correspond to supertranslation = {6r,6u,Sz,Sz), and superrotation re¬ 
expressed in {r, p, z, z} coordinates. 

5.2 Variation equation for surface charges 

Transformations of the canonical variables are expressed in terms of Poisson brackets: 
S(jab = {jab, Sf 0“*’ = {0“*’, To compute the Poisson brackets, partial integra¬ 

tion is in general necessary, and to make the Poisson bracket well-defined, an appropriate 
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surface term (5[^] must be added to Its variation must satisfy the following variation 

constraint. 


Js 


'2,12 n^P Sjab + 2r d n'"’ Jab " n“^ d Jab 

1 


IOttG Js 

Here S is 2-dim sphere at fixed u and r —>• oo. is defined by 


C {5jab)\c - da C 5 Jab (5.9) 


^abcd 


^ ^,bd I ^,ad ^bc n ^ab ^,cd\ 

= 2 (9^ ^ +9" 7 - 27 7 )■ 


(5.10) 


Hamilton’s eqs are given as follows. 

SQiTtG 1 

dilab = L\b+^b\a + Aab- -^lab^), (5.11) 

yl ^ yl ^ 

-iko 

-hV7 ( 5 . 12 ) 

In the case of AdSa, the Hamiltonian generator 'H[^] generates a Poisson bracket algebra: 


{mmen=n[[^,e]]+ma 


(5.13) 


where is a possible central extension. A strategy to evaluate this central extension 

is to replace Poisson bracket by Dirac bracket. Then the Hamiltonian and momentum 
constraints hold strongly, and the generator "H)^] can be replaced by the surface charge 

{qk],qk']}d = Q [[^, e ]]+ me ]- ( 5 . 14 ) 


The left hand side of this equation may be evaluated as where 6^/ is a transformation 

associated with an asymptotic Killing vector For AdS background, (5[[C)'d] on the right 
hand side vanishes. Hence the central charge is evaluated as 

^K,a=<5eQK]|AdS- (5-15) 

Here stands for a variation associated with transformation . 

5.3 Charge algebra 

Same prescription is used in the case of a four-dimensional asymptotically flat space on 
X. The surface charges are denoted as Q[/, C^)C]j where f{z,z) is a parameter function 
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for supertranslation and C^{z), C^(z) those for (extended) superrotations. The brackets of 
surface charges are given by 

(5.16) 

for ^ = (/, (, () and = (fb ('). Calculation is done by using Mathematica and only the 
results are now presented]! 

{q[/i, 0 , 0 ], Q[/ 2 , 0 , 0 ]}^ = <5/, Q[/i, 0 , 0 ] 

= U2DaDb h- HDaDb f2), (5.17) 


{q[0,7?,0],Q[/,0,0]}^ = 5/Q[0,7?,0] 


1 


IGttG Jg 

1 


d zh^^[ri,f] Am + duHA - T;du{CABC^ ) 


f Di 77 " (udu - 1 )C - u DaDb f C 


AB 


+ 


IGttG 


(Fz h. 


- G- G,, - i 

+ G,, G^" - i M 


{q[/, 0,0], Q[0, X, 0]}^ = (5^ Q[/, 0,0] = -5f Q[0, x, 0], 


(5.18) 

(5.19) 


{g[ 0 ,? 7 , 0 ],Q[ 0 ,x, 0 ]}^ = 5;,Q[0,77,0] 


IBttG 


[ 77 , x]" - 31Tz + G., U^+'^D, Ha'^ - D,{CabC^^) 
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— 2udzm — -u Dz Ha 


+ - u (2 G"" Dz Cz, + Czz Dz G"" + 2 Cz. Dz G"" + G"" DzCzz) 


GAttG Jg 


[ d^zhzz {Dzii^ Dlx^ - DzX^ Dl 77 ^) u {udu - 1) G^^ (5.20) 

Js 


{0(0, 0 , x|, CIO, >7.0|}^ s 0[o, 0 . x| 


IOttG 


d^zhz 


Dlfj^ D-zX^ (1 - ud^) Dlx^ DzV^ (1 - ud^) G" 


U 


+ ^uDzV^D.x^ [Cz, - Cz. Cn + \uv^ D-zX^Cz. DzC^^ + G"" G,G,,) 

- iux" Dzii^iCzz D-zC^^ + D-zCzz )]. (5.21) 


^Here (non-)integrability of eq is not yet taken into account. 

®In eq (I5.19l t. the last equality is checked by actual calculation. 
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Here, [ry, f] = — [f,r]] = rj^ dz f — ^ f Dzr]^ and [ry, xY = ~ 9z rj^- There are also 

similar brackets involving (5[0,0, x] instead of (3[0, ?y, 0], which are not displayed here. 

In the above calculation, there appeared terms proportional to r, which are divergent 
as p —>■ + 00 . These can be dropped after partial integration over S^, and the charges 
are finite. There also exist terms proportional to r“^. However, those terms vanish in the 
T —>• +00 limit. In the calculation of {Q[0, ?y, 0], (5[0, y, 0 ]}_d there is also a term proportional 
to hzzX^{z)v^{z) Hzz{z) in the integrand. This is formally dropped by using a formula 
Dz Dz r]^{z) = —hzz V^{z) and a partial integration with respect to the derivative Dz- Q 
The above result shows that the variation of surface charge 5^ Q [^'] satisfies a condition 
of anti-symmetry. 

= (5.22) 

This is a necessary condition for prescription (15.161) to work. 


5.4 Non-integrability of variation equation for surface charges 

Surface charges are defined by variation equation (15.91) . Integrability of this equation 
must be checked. For arbitrary variations S of fields, eq (I5J1) for supertranslation reads 

5Q[f, 0,0] = Sz hzz f [45M + ^Cab5 , (5.23) 

and that for superrotation reads ^ 


SQ[0,r],0] = 


[ d^zhzzv^ \5{-2Lz - 2uDzM) - ]-uDz{Cab5C^^)\. (5.24) 

IGttG 7s L 4 J 


These equations for variations of charges coincide with those obtained via covariant framework|10] . 
Here M is a gauge invariant massf' 


0 be., mass which does not depend on the choice of /?, 

(5.25) 


M = m+ ]duHA^ - I dz^iCABC^^). 

4 o 


This transforms under supertranslation as 

SfM = -^fd^CABduC^^ + ^D^D^ifd^CAB) 

= fduM+^D^D^{fduCAB)-\fD^D^duCAB, (5.26) 

^Rigorously speaking, we must be careful in this procedure, because the surface terms for 2 :, z integration 
cannot be dropped for polynomials and ■ This issue needs to be further studied. This term might as 
well be dropped by assuming Hzz{z) = 0. 

®On the right hand side of (|5.24|l there also exists a divergent term in the integrand: 
—e^Puhzz'n^{z)SUz- This term, however, drops out after partial integration. 

^Definition Sf Quu —^ 25fmlr yields 8fm = frh — U^DAf + {^/DaDb f• This is true only when 
/3 = —(1/16 )CasC^^. For other choice of /3, it is M, not m, that transforms as II5.26II . Similar statement 
is valid for 5(^m and M. 
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and under superrotation as 


d^M = C" a, M + ^ D,C M + ^ D,C uduM - i Dl^ uduU^ 


+ \CuduU, + I Die {udu + 1)C^^ (5.27) 

Z o 


Similarly, angular momentum La is defined 

La = ^Wa - I CabU^ - I DaHa^ + Da{CbcC^^) 

Z Z o oZ 


(5.28) 


and transforms under supertranslation as 


Sf L, = -3MdJ + fL,-^Dlf {DJ D, 

- J C,, + ^ De [D^^ C,, - \{De^fD,C,, 

+ + (5-29) 


Its transformation rule under superrotation is given by 
(5^ Lz 


Lz 


i u L, + C D,L, + 2D,C Lz-^M Die 


-^eHzz-lu Die c- + ^ u Die {d^^ Czz-^u di e 
-^uDleDlC^^ - ^uDleCzzC^^ + ^uDleCzzC^^ 

—u Dz e +e DzLz ——Dz e Lz — — hzz e 


(5.30) 


+hz 


^ {h^e^HzzDie -lue {d^^Czz - ^uec^^Cz 


12 


16 


-iu Die C* DlC^^ + c Cz.C^ 


(5.31) 


Due to the last terms in (I5.23I) - (I5.24I) . the variation equations are in general not inte- 
grable. One prescription to ensure integrability will be to require Cab = 0. Then the surface 
charges become independent of u, and conserved. In the next subsection this prescription 
will be studied. 

Another prescription will be to add to (I5.23I) - (I5.24I) an additional term such as 

^ gadditionalj^j ^ ^ ^AB g ^(5 33) 

to drop the second terms in (I5.23P and (15.241) as was proposed in By integrating the 
new variation equation d(5[C] = be., 

SQ[f,0e] = (5.33) 

SQ[0,Ve] = f <fzhzzV"S{-2Lz-2uDzM), (5.34) 

IottG Js 

comparing transformation rules, it is found that Lz is related to Nz defined in |10| by Lz = —Nz — 

j^DziCABC^^)- 
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the surface charges Q[f, 0,0] and d(5[0, rj, 0] are obtained, 

1 


Q[o,o,/] = 


IGttG 


d zhzs4:fM, 


(5.35) 


Q[0,77,0] = 


1 


d zh^g ?7^ 


-2Lg- 2udgM 


(5.36) 


IGttG 

These charges coincide with the ‘integrable part of the surface charge’ proposed in [10] 
The algebra of these surface charges must be computed by using (15.1611 with (5[C] replaced 
by QK] and via the transformation rules (I5.26I) - (I5.31I) . In this case, however, it can be shown 
that the anti-symmetry property (15.221) is not respected. For instance, by using (I5.26|) for 
the supertranslation of M, the following Dirac bracket is obtained. 


{g[/,0,0],Q[/',0,0]}z3 = d/-Q[/,0,0] 

= d^z hgg {Aff M- 2 {D^ f)(D^ n Cab - if f) Cab} 

^-{Q[f,0,0],Q[f,0.0]}D (5.37) 


Hence, clearly, this prescription to add an additional term to the variation equation does 
not work for obtaining charges which generate algebra. 


5.5 Conserved surface charges and algebra 

In this subsection, condition Cab = 0 will be imposed on field G^b@ Then the 
variation equations (I5.23I) - (I5.24I) become integrable.The surface charge of supertranslation, 
g[/, 0,0] = and that of superrotation, Q[ 0 ,? 7 , 0] = Q'^°^[ri] read 




gtransljjj ^ 

1 f 


1 


IOttG 


IOttG J 

d^zhggT] 


d^zhggAfM 

Cab—0 

-2L^- 2ud^M 


Cab—^ 


(5.38) 

(5.39) 


where condition Cab = 0 is imposed. Except for this constraint these charges are the same 
as (15.3511 and (|5.36p . These charges are conserved, if 0^7]^ = 0. This is checked by using 

dSH), dSH), (IM) . 

By using definitions (|5.38|) - (l5.39p and results (I5.17p - (I5.21I) and by setting Cab = 0, the 
algebra of surface charges is expressed as follows. is a complex conjugate of (15.391) . 


{g“[/i],Q“[/ 2 ]} 


D 


= 0 , 


(5.40) 


eq (3.5) of [10| . in order to define the algebra, the right hand side of (|5.16|l is modified by decomposing 
the variation of surface charge 5Q[$] into an integrable part and a non-integrable part 

and replacing the non-integrable part 5^/ [^] by "^^e left hand side is interpreted as 

It is discussed in m that, with the modification of the algebra as described in footnote 11, the standard 
bms 4 charges are conserved in the absence of news and they generate a centerless algebra. In m a current 
algebra for spatial components in the absence of news is obtained. 
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(5.41) 


g‘--'[/]}^ = g“[[r7, /]] - ^ d^z K, IfDln^ a 


{q™‘W,Q'-°‘[x]} = Q''°*[[^,x]] 

+ ^ [ dPzK,{D,r,^Dlx^-D,x^Dlf^^)uC^\ (5.42) 
J S 






(5.43) 


Let us note that there are central extensions which depend on field Cab- However, the 
condition du Cab = 0 contradicts with the transformation rule for Cab (13.26L if 7 ^ 0- 
Hence BMS 4 algebra is not extended and the above central extensions all vanish. 


{QK],QK']}n = Q[[C:C']] 


(5.44) 


The above algebra satisfies Jacobi identity: {g[Ci], {QK 2 ]> QK 3 ]}£>}d+{Q[ 6 ]: {Q[ 6 ]> QKi]}d}d+ 

{QK3],{Q[6],Q[6]}i>}i> = 0. This is checked via {g[^i],{g[^2],Q[6]}D}i> = -% {Q[6]. <3K3 ]}d, 

and the right hand side is evaluated by substituting variation of fields into the integrand of 

{Q[6], Q[6 ]}d- 

6 Summary 

In this paper surface charges for supertranslation (j 5 superrotations 

(Q‘'°*) (15.391) on I and the algebra of these charges are studied via Hamiltonian framework. If 
a field Cab is independent of u, these surface charges generate algebra (|5.44l) and the central 
extensions of the algebra vanish. It would be desirable, if appropriate modification of surface 
charges could be found which generate BMS 4 algebra also for the case Cab 7 ^ 0 so that 
the right hand side of the algebra would coincide with the changes of the surface charges 
5^> g[^] under transformation. 

We obtained surface charges on the u > 0 part of I'*', and their Dirac bracket algebra 
(I5.40I) - (I5.43I) . The charges are expressed in terms of radiation fields Cab in Bondi frame 
(13.21) . In Bondi frame, however, there is no horizen at u = 0 and this is not a special point on 
1+. Hence it is expected that the above bracket algebra also holds on the u < 0 part of I'*'. 

On the other hand, since the space-like region (r > t) is foliated by time-like hypersurface, 
at present it is not possible to check this directly. This issue needs further investigation. 
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